The simulation of industrial processes involving cold compaction of powders allows for the optimization of the production of both traditional and advanced ceramics. The capabilities of a constitutive model previously proposed by the authors are explored to simulate simple forming processes, both in the small and in the large strain formulation. The model is based on the concept of elastoplastic coupling providing a relation between density changes and variation of elastic properties and has been tailored to describe the transition between a granular ceramic powder and a dense green body. Finite element simulations have been compared with experiments on an alumina ready-to-press powder and an aluminum silicate spray-dried granulate. The simulations show that it is possible to take into account friction at the die wall and to predict the state of residual stress, density distribution and elastic properties in the green body at the end of the forming process.
Introduction
Industrial processes involving the cold forming of ceramic powders can be numerically simulated to detect the distribution of residual stress, density, and elastic properties within the green body, with the purpose of improving design through minimization of defects and regularization of the density distribution. In this way, the industrial production can be enhanced and consequently rejects and energy consumption reduced. Simulations, usually based on the finite element technique, rely on a constitutive model capable of describing the progressive mechanical densification of a granulate. This is a scientific challenge, as it involves the description of the transition between two materials with completely different mechanical behaviour: granular materials are characterized by null cohesion, 'drop-shaped' elastic domain, with stress-dependent elastic properties, while green bodies are cohesive, with a 'cigar-shaped' elastic domain, characterized by linear elasticity.
Models developed so far are usually 1 variants of known elastoplastic models for soils, based on the 'cam clay' or 'cap' yield surfaces (Aydin et al., 1997a (Aydin et al., , 1997b Zipse, 1997) . In these models the fact that the elastic stiffness of the green body is a function of the density, or in other words of the plastic deformation, (Baklouti et al. 1997; ) is only approximatively kept into account. The key to the rational incorporation of this effect is the concept of elastoplastic coupling, as initiated by Hueckel (1975; and Dougill (1976) , and applied by Piccolroaz et al. (2006a) to the cold densification of ceramic powders, in the form described by Bigoni (2012) . In addition to coupling between plastic and elastic properties, the model developed by Piccolroaz et al. (2006a), incorporates micromechanically-based hardening laws and a previously-defined yield function, called in the following 'BP' (Bigoni and Piccolroaz, 2004; Piccolroaz and Bigoni, 2009; Bigoni, 2012) . This yield function possesses the 'high stretchability' needed to describe the granular/solid transition typical of ceramics forming, but has the inconvenience that it is defined infinity outside the elastic domain. This inconvenience, preventing the use of standard implicit return mapping schemes for integration of rate constitutive equations, has been recently overcome in different ways (Brannon and Leelavanichkul, 2010; Penasa et al., 2013; Stupkiewicz et al., 2013) , so that the model is currently ready to be used. In particular, computer implementation has been carried out using the automatic code generation system AceGen, and the computations have been performed using the finite element package AceFEM (Korelc, 2002; 2009) .
The purpose of the present article is to demonstrate, through a new implementation allowing us to introduce large strain and friction at the mould/granulate interface, the capabilities of the abovedescribed model in simulating forming processes of both advanced (a ready-to-press alumina) and traditional (an aluminum silicate spray-dried granulate) ceramic powders. To this end, examples of computations are presented and compared to experiments for uniaxial strain, single and double action pressing into a mould with friction at the walls and forming with a cross-shaped punch. The comparison with experiments shows the excellent capability of the model, particularly in the large strain version, to simulate the mechanical features of cold forming of ceramic powders.
The concept of elastoplastic coupling
The force vs. displacement relation (with unloadings) for the uniaxial strain of aluminum silicate spray-dried granulate (6 g powder pressed in a 25 mm diameter mould), reported in Fig. 1 , shows well-known mechanical features of cold powder compaction: (i.) the large plastic (i.e. irreversible) deformation and (ii.) the progressive elastic stiffening of the material, related to the increase of density.
These two features are key aspects in the modelling and can be incorporated in a constitutive law in a rigorous way through the notion of elastoplastic coupling. In this section we illustrate this concept with reference to a simple small-strain model. 2 In particular, the deformation is assumed to be the sum of a plastic, p , and an elastic, e , component, namely,
where the elastic deformation is induced by the stress σ, but, due to elastoplastic coupling, is also function of the plastic deformation
As a response to stress and plastic strain increments,σ and˙ p , the strain is incremented aṡ 
where, for the aluminum silicate powder reported in Fig. 1 Eq (2.8) describes an isostatic forming process for an aluminum silicate granulate and has been plotted in Fig. 2 , which clearly shows the effect of the elastoplastic coupling, namely, an increase of the elastic stiffness with the increase of the plastic deformation. Note that the model is simple, so that hysteresis of the unloading-reloading behaviour (visible in Fig. 1) is not described. As an alternative to the compliance approach, eq (2.2), a stiffness approach can equivalently be pursued in which the stress is assumed to be a function of the elastic and plastic strain σ =σ( e , p ), (2.9) so that, as a response to a strain increment˙ , the stress is incremented aṡ
which, using eq (2.1), can be rewritten in a way which explicitly shows the elastoplastic coupling termσ
The equivalence of the two formulations (2.4) and (2.11) can be shown through a substitution of eq (2.2) into eq (2.9) to obtain the identity allowing the transformation of eq (2.4) into eq (2.11) and viceversa. The elastoplastic model developed by Piccolroaz et al. (2006a) for the forming of ceramic powders is based on a stiffness formulation of elastoplastic coupling as that given by eq (2.11), where, to enforce hyperelasticity, the stress
µ e e v + c (2.14)
(note that e e v = tr e and e p v = tr p are respectively the elastic and the plastic volumetric strains) is obtained as the gradient of the following elastic potential
(2.15)
In eqs (2.14) and (2.15), the parameter d(e p v ) ≥ 1 describes the transition between the logarithmic nonlinear elasticity, typical of granular material (occurring when d = 1), and the elastic law with stiffness linearly increasing with the forming pressure, typical of the dense green body (occurring when d −→ ∞). In particular, parameter d is assumed to be a linear function of forming pressure p c , for values of pressure superior to the breakpoint threshold p cb , namely,
where B is a positive material parameter and the symbol <> denotes the Macaulay brackets. In eqs (2.14) and (2.15)κ is a modification of the logarithmic bulk modulus of the powder, modified through the initial void ratio e 0 (at which the mean stress p is equal to p 0 ) as (2.17) c is the cohesion (null in the initial phase of loose granulate), evolving with the following hardening law 18) where p cb is the breakpoint pressure, c ∞ and Γ are two positive material parameters, the former defining the limit value of cohesion reached after large plastic deformation, the latter related to the 'velocity of growth' of cohesion. Finally, the elastic shear modulus µ is taken in eqs (2.14) and (2.15) to depend on the plastic volumetric strain through the coupling parameter d and the cohesion c as follows
where µ 0 , and µ 1 are positive material constants. The final, but essential, ingredient in the modelling of cold powder compaction is the yield surface, defining the stress locus corresponding to the elastic range, which in the form introduced by Bigoni and Piccolroaz (2004) is given by 20) where q = 3σ · σ/2 − tr 2 σ/2 is the second deviatoric invariant, f (p, p c , c) is the function defining the dependence on the mean pressure p = −trσ/3, namely, 21) and g(θ) describes dependence on the Lode's invariant θ, assumed in the form
The shape of the yield surface depends on the six parameters α, M, p c , c, β, γ and is extremely flexible and thus capable of describing the yield locus of many different materials. The yield surfaces for the ready-to-press alumina and for the aluminum silicate granulate employed in the present article are shown in Fig. 3 . The BP yield surfaces with the parameters suited to model the ready-to-press alumina powder and the aluminum silicate granulate employed in the present article.
The described elastoplastic coupled model has been also produced in a large strain version by Piccolroaz et al. (2006b) . Both the small and the large strain versions of the model have been implemented in a finite element program and will be employed in the next section to assess their predictive capabilities.
Numerical simulations versus experimental results
Simulations of cold compaction processes are presented in this section with reference to:
• the ready-to-press 392 Martoxid KMS-96 alumina powder characterized by the constitutive parameters identified by Piccolroaz et al. (2006a, their Table 1) , with the slight modifications reported below;
• the aluminum silicate spray-dried powder (used in the production of tiles) experimentally characterized by Bosi et al. (2013) .
The simulations, performed with the small and the large strain versions of the elastoplastic coupled model presented in the previous section, refer to uniaxial deformation, single and double action compaction in a mould with friction at the powder/wall contact, and forming into a mould with a cross-shaped punch, designed by us to induce a strong variation in the mechanical properties after forming. In all cases the simulations have been compared to experimental results, some already available (Piccolroaz et al. 2006a; Bosi et al., 2013 ) and other performed for the present study. In order to enable direct comparison of the small and the large strain models, the constitutive parameters adopted for the alumina powder have been slightly modified with respect to the values reported by Piccolroaz et al. (2006a) so that the uniaxial response of the two models is as close as possible. This is illustrated in Section 3.1. Specifically, parameter B has been set to B = 0.6 MPa −1 in the small strain model and to B = 0.18 MPa −1 in the finite strain model, while parametersã 1 andã 2 have been set toã 1 = 0.383 andã 2 = 0.124 for both models (compared to the original values of 0.37 and 0.12, respectively). Further, parameter defining the flow rule non-associativity has been set to = 0.5. In the case of the aluminum silicate powder, the parameter M of the yield surface has been increased to 0.5 with respect to the value reported by Bosi et al. (2013) to avoid near-boundary numerical instabilities. Material parameters of the models employed for the finite strain simulations are summarized in Table 1 , where ρ T is the teoretical density of the powder.
The present finite element implementation of the model, with full account for the elastoplastic coupling, employs the standard return mapping algorithm combined with the implicit backwardEuler time integration scheme. The difficulties associated with the application of the return mapping algorithm to the BP yield surface have been overcome in different ways, one reported by Penasa et al. (2013) , and the other used here is based on the concept of implicit yield surface that is described by Stupkiewicz et al. (2013) . The computer implementation has been carried out using the automatic code generation system AceGen (Korelc, 2002; 2009 ). In particular, the automatic differentiation technique implemented in AceGen has been applied to derive the consistent tangent matrix. Exact linearization of the incremental constitutive relationships is crucial for the convergence of the Newton method used to solve the nonlinear finite element equations.
The example studied in Section 3.2 involves frictional contact interaction of the ceramic powder sample with the mould and the punch. Efficient and robust treatment of the corresponding uni- lateral contact and friction constraints relies on application of the augmented Lagrangian method of Alart and Curnier (1991) , see also Lengiewicz et al. (2011) for the details of the computer implementation.
Uniaxial strain of ceramic powder
Simulations of uniaxial strain of alumina powder are reported and compared to experimental results in Fig. 4 Simulations show an excellent agreement with experimental results, particularly for the large strain analyses. As discussed above, the constitutive parameters of the small and the large strain models have been adopted such that the uniaxial response of the two models is as close as possible. The two responses are indeed very close except in an intermediate range of small compaction pressures where a small difference is observed, see Fig. 4 . 
Single and double action forming into a mould with wall friction: density distribution
We simulate single and double action cold compression of ceramic powder into a (38.2 mm diameter) cylindrical rigid mould in the presence of Coulomb friction between the powder and the mould wall, with the friction coefficient equal to 0.4. Samples of alumina and aluminum silicate have been analyzed with an initial height of 113.9 mm and 128.5 mm, respectively. Numerical simulation (to mimick the experimental procedure) has been performed providing first a frictionless preforming uniaxial strain corresponding to a compression of 3 MPa and later providing the final forming pressure of 40 MPa in the presence of friction. The problem is treated as axisymmetric. Undeformed and deformed (after loading, subsequent unloading, and ejection from the mould) meshes are reported in Fig. 5 for single action and double action compression of alumina powder. In addition to the nonuniform mesh distortion induced by friction at the wall, we can note from Fig. 5 the better compaction reached with double action, leading to a final height smaller than that obtained with the single action compression.
The distributions of density, cohesion and tangent elastic bulk modulus are shown in Fig. 6 for single (upper part) and double (lower part) action compression. This figure clearly shows that density, cohesion and elastic properties obtained at the end of the forming process are much more uniform with the double action device than with the single action.
Finally, the density distribution (averaged through the cross section of the sample) along the height of the sample, simulated for the alumina and the aluminum silicate powder, are reported in Fig. 7 and compared with experimental results. Experiments have been performed by subsequently charging a mould with powder and compressing at 3 MPa, so that to obtain a 'layered' sample, to be finally loaded at 40 MPa. Due to the small height of the 'layering', the influence of friction was negligible during the compression at 3 MPa, but friction was important during compaction at 40 MPa.
Note that experiments for the single action compression were not performed on the alumina sample (so that these are not reported in Fig. 7) . The simulated density distributions are in good qualitative and quantitative agreement with experimental results, with a discrepancy partly due to the fact that the double action compression was simulated assuming perfectly symmetric action of the two punches while this symmetry was not exactly preserved in the experiment. 
Forming in a mould with a cross-shaped punch
To induce large inhomogeneities during cold forming of a sample, we have designed and manufactured a (30 mm diameter) cross-shaped punch with 2.5 mm deep grooves, shown in Fig. 8 , where the quotes are in mm. The punch has been used to form pieces from 8 g of alumina powder at a vertical load of 70 kN, see Fig. 9 . As a consequence of the highly inhomogeneous density distribution obtained with the cross-shaped punch, the sample sometimes breaks after mold ejection, see upper part of Fig. 9 . By exploiting the symmetry of the punch, only one quarter of the specimen has been modelled in order to reduce the computation time. Simplified boundary conditions are applied as described below. The loading is applied by prescribing the vertical displacement at the top surface, while the horizontal displacements at the top surface are fully constrained. At the bottom surface, all displacements are constrained. This corresponds to high friction and sticking contact at the top and the bottom surfaces. The horizontal displacements are constrained on the lateral surface which approximately corresponds to frictionless contact at the mould surface. Considering that the aspect ratio of the specimen is low, friction at the mould surface is expected to have a small influence on the forming force and on the deformation pattern.
Unloading and spring-back are modelled in two steps. In the first step, the reaction forces at the top and bottom surfaces are gradually decreased to zero to simulate unloading of the punch. In the second step, the reaction forces at the lateral surface are gradually decreased to zero to simulate ejection from the mould. Note that both steps are accompanied by plastic deformations induced by specimen inhomogeneity and the associated residual stresses.
The undeformed and deformed meshes employed for the simulations are shown in Fig. 10 , while density and cohesion distribution, spring-back displacements and residual stresses are shown in Figs. 11-13 . Inhomogeneity of the microstructure of the formed piece is clearly visible in Fig. 11 which results in nonuniform deformation during unloading and spring-back (Fig. 12 ) and significant residual stresses after unloading (Fig. 13) .
The effect of plastic deformations that accompany spring-back is illustrated in Fig. 14 , showing the distribution of the associated increment of cohesion ∆c. There is a decrease of cohesion (so that the increment is negative) loacalized near the edge of the grooves, which is connected to a plastic softening that may lead to damage of the piece, as indeed observed in experiment, see upper part of Fig. 9 . Softening during spring-back may also be responsible for the mesh-dependent oscillations of residual stresses, as seen in Fig. 13 . Such features of the stress field are not observed during the loading stage. Finally the simulated force versus displacement relation during forming of the cross-shaped sample has been compared to the experimental values in Fig. 15 for the small and large strain cases.
The predictive capabilities of the model, particularly in the large strain version, are evident from this figure. It is reminded here that the two models predict a very similar response for uniform compression. The discrepancy between the two models, which is clearly visible in Fig. 15 , is thus associated with non-uniform deformation within the specimen. The configuration changes during powder forming are large, and, as expected, the finite deformation effects are significant. 
Conclusions
It has been shown that a constitutive model capable of describing compaction of ceramic powders and based on the concept of elastoplastic coupling can be implemented in an efficient way, both in a small strain and a large strain version, and can be coupled with Coulomb friction at the mould/powder interface. This model allows the simulation of ceramic forming processes and the correct prediction of the spring-back after mould ejection and of the distributions in the green body of: (i.) density, (ii.) cohesion, (iii.) elastic parameters, and (iv.) residual stress. Therefore, the developed constitutive model can become an effective tool for design of ceramic pieces.
